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ABSTRACT 
In this work we establish some basic properties of closed linear operators between onarchimedean 
Banach spaces. As a consequence, we characterize the operators with closed range, and we establish the 
state diagram for closed linear operators when the underlying spaces atisfy a Hahn-Banach property. 
1. INTRODUCTION 
The problem of characterizing the possible states for a bounded linear operator be- 
tween nonarchimedean Banach spaces was studied initially by Ellis [2] and Onieva 
[6,7]. On the other hand, the closed linear operators between nonarchimedean 
Banach spaces have been considered in [8,4]. We are especially interested in the 
work of Martinez where, following the original ideas of Taylor and Halberg [15], 
the state diagram for bounded linear operators between onarchimedean ormed 
spaces is constructed and a state diagram for linear operators is proposed. However, 
in this work the results are established for spaces of countable type, which is a strong 
condition. Our objective in this work is to study general properties of closed linear 
operators between onarchimedean Banach spaces and as consequence toestablish 
the state diagram for this class of operators. We shall show that if some weak form 
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of the Hahn-Banach property is fulfilled, then the mentioned state diagram does not 
coincide with the state diagram for closed operators in classical functional analysis. 
This occurs, in particular, when the underlying spaces are of countable type. 
Henceforth K will denote anontrivial nonarchimedean complete valued field and 
we represent by X, Y nonarchimedean normed spaces on K provided with norms 
denoted generically by II • II. We denote by/2(X; Y) the Banach space of bounded 
linear operators from X into Y and we abbreviate this notation by £(X)  in the case 
X = Y. The dual topological space of X is indicated by X*, the duality map is 
(x*, x) = x*(x), x c X, x* E X*, and the natural map Jx : X --+ X** is defined as 
usual. Furthermore, if M is a linear subspace of X and N is a linear subspace of X* 
we utilize the notations 
M ± = {x* 6 X*: (x*, x) = 0, for all x c M}; 
±N = {x 6 X: (x*, x) = 0, for all x* 6 N}. 
Initially we recall some concepts related to the Hahn-Banach property [12]. The 
normed space X is called normpolar if its topology is defined by a polar norm. As 
consequence, if a subset C of a normpolar space X is weakly bounded, then C is 
norm bounded. 
A related concept is the following. 
Definition 1.1. A subspace N of X* is said total (in X*) if for each 0 7~ x E X 
there is x* c N such that (x*, x) ¢ 0. 
Clearly, if X is normpolar, then Jx is an isometry, and if .Ix is injective and N 
is dense in X*, then N is total. Those spaces X for which Jx is injective are called 
dual-separating spaces. 
The following property stronger than polarness was also introduced in [12]. 
Definition 1.2. A nonarchimedean normed space X is said strongly polar if each 
continuous seminorm q on X such that q(X) c_ {I)q: )~ c K} is a polar seminorm. 
It was proved in the mentioned paper that strong polarity is equivalent to the 
(1 + e)-Hahn-Banach property. From this it follows that every space of countable 
type is strongly polar and if K is spherically complete, then every Banach space 
over K is strongly polar. On the other hand, in the last decades there has been 
an extensive discussion about he separation properties of nonarchimedean normed 
spaces (see [ 16,17]) and weak forms of the Halm-Banach t eorem [1,13]. We recall 
that a subspace M of X has the weak extension property (abbreviated, WEP) if for 
every f 6 M* there exists an extension f 6 X* and we say that the space X has the 
WHBP if every subspace M of X has the WEE Thus a subspace M of X has the 
WEP at least in the following cases: M is complemented in X; X is strongly polar; 
K is spherically complete or M is of countable type and X has the (*) property of 
van Rooij (see [18, p. 158]). 
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As a consequence we can assert hat if Jx is surjective, X* has the WHBP and N 
is a total subspace of X*, then N is dense in X*. 
From now on we abbreviate by co the weak topology in X and by co* the weak 
star topology in X*. We will use frequently the property that a subspace M of X is 
co-closed if and only if satisfies the following separation property: For every element 
xo ~ M there exists x~ ~ X* such that {x~, xo) = 1 and (x~, x) = 0, for all x c M. 
Clearly if X has the WHBP then every closed subspace is also co-closed. We also 
need the following immediate properties that relate these concepts. 
Lemma 1.1. Let X, Y be nonarchimedean normed spaces and let M be a closed 
subspace of X. Then the following statements hold: 
(a) I f  Jx is surjective and X* has the WHBP, then JX/M also is surjective. 
(b) [f X has the WHBP, then X /M also has it. 
(c) I f  X* has the WHBP, then (X/M)* also has it. 
(d) I fX  x Y has the WHBP, then X, Y and X /M x Y also have it. 
The paper is organized as follows. In Section 2, we collect some general 
properties of closed linear operators, in Section 3 we establish the closed range 
theorem for closed linear operators and in Section 4 we apply these properties to 
construct the state diagram for closed operators. 
2. GENERAL PROPERTIES 
Throughout this work we represent by A : D(A) _c X ~ Y a linear operator. We use 
the notations ~(A), Ker(A) and G(A) to denote the range space, the kernel, and the 
graph of A, respectively. 
Proceeding as usual in the classic case [3] we can prove that the open mapping 
theorem is valid for closed operators. 
Theorem 2.1. Assume that X, Y are nonarchimedean Banach spaces. Let 
A : D(A) c_ X --+ Y be a surjective closed linear operator. Then A is an open map. 
When the domain of A is dense in X, the adjoint operator A~ of A is defined as 
usual. Specifically, the operator AI : D(A ~) ~ Y* --+ X* satisfies 
(Ax, y*) = (x, A'y*), 
for all x ~ D(A), y* ~ D(AI). As in the classic case, the following property is an 
immediate consequence of the definition. 
Proposition 2.1. Let A be a linear operator with dense domain. Then A I is a 
closed linear operator. 
For a linear operator A we represent by ,4 the induced map on X~ Ker(A) with 
domain D(A). From now on we reserve a- to denote the quotient map from X into 
X~ Ker(A). We will use the following properties that relate the operators A and A. 
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Remark 2.1. Let A be a linear operator. The following conditions are fulfilled: 
(iv) 
(v) 
(vi) 
(vii) 
(viii) 
(i) D(A) = zrD(A). 
(ii) ~(A) = T~(A). 
(iii) If A is closed, then so is A. 
If D(A) is dense in X, then D(A) is dense in X~ Ker(A). 
If D(A) is dense in X, then D(A t) = D(A~). 
If D(A) is dense in X, then Ker(A ~) = Ker(A1). 
If D(A) is dense in X, then T~(A ~) is closed if and only i f~(A  1) is closed. 
If D(A) is dense in X and T~(A ~) is dense in X*, then 7~(A ~) is dense in the 
space (X/Ker(A))*. 
(ix) If A is a closed operator such that G(A) is co-closed in X x Y, then G(A) is 
co-closed in ( X / Ker( A ) ) × r. 
(x) IfA is a closed operator with dense domain in X such that 7~(A t) is co*-closed 
in X*, then 74(.4 t) is co*-closed in (X/Ker(A))*. 
Furthermore, proceeding as in the classic case we have. 
Proposition 2.2. Let A be a linear operator with dense domain. Then A ~ is 
continuous ifand only if D(A') is closed in Y*. 
The following result establishes conditions for the operator A or A t to be continu- 
ous. 
Theorem 2.2. Let A be a linear operator with dense domain. The following 
statements hold: 
(a) I f  A is continuous, then D(A r) = Y*, the operator A 1 is also continuous and 
IIa'll ~< Ilall. 
(b) Assume that Jr is an isometry. I f  D(A t) = Y*, then the operator A is continuous 
and IIAII ~< IIAZII. 
Proof. In the case (a), it follows from the definition that D(A') = Y*. Using that 
D(A) is dense, we can estimate IIA'y*II as in [11, Proposition 5.7] to obtain that A' 
is continuous and IIA'II ~< IIAII. 
To prove (b), applying Proposition 2.1 and the closed graph theorem we obtain 
that A t is continuous and since Jy is an isometry, for each x ~ D(A) we can write 
[lAx [[ = inf{c > 0: 
= inf{c > 0: 
~< IIA'II IIx II 
[(Ax, y*)[ ~< c[[y*[I} 
[(x,Z'y*)l<~cllY*ll} 
which implies that A is continuous and [IAll ~ lIAr[[. [] 
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Later on Theorem 2.7 we turn to consider the assertion (b) without he condition 
D(A l) = y*. 
As it is usual in the classic case, a linear operator A is said closable if there exists 
a linear extension of A which is a closed operator. 
Theorem 2.3. Let A be a linear operator. The following conditions are equivalent: 
(a) A is closable. 
(b) A has a minimal closed linear extension, denoted by A. 
(c) I fy  ~ O, then (0, y) ~ G(A). 
Assume further that D(A) is dense, l f  D(A') is total, then A is closable and if G(A) 
is co-closed in X x Y, then the preceding conditions are also equivalent to D(A ~) 
total in Y*. In this case, A ~ = ~r. 
Proof. The equivalence of (a)-(c) is proved as usual [3]. The operator A is defined 
so that G(A) = G(A). 
Assume now that D(A) is dense in X. If D(A') is total, then it is easy to see that 
(c) holds. 
Conversely, let y ¢ 0. Since (0, y) ~ G(A), applying the separation property 
mentioned in Section 1 we infer the existence of (x*, y*) E X* x Y* such that 
((x*, y*), (0, y)) = (y*, y) 5~ 0 
and 
((x*, y*), (x, Ax)) = (x*, x) + (y*, Ax) = O, 
for all x ~ D(A). This implies that y* ~ D(A') and A'y* = -x*. It follows that 
D(A ~) is total. 
Finally, the equality A' = ~t is obtained as in the classic case so that it will be 
omitted. [] 
We establish some immediate consequences of this result. 
Corollary 2.1. Assume that Y is dual-separating, l f  A is a linear operator with 
dense domain such that D(A ~) is dense, then A is closable. 
Proof. It follows from Theorem 2.3 and the fact that D(A ~) is total in Y*. [] 
In connection with this result, it is worthwhile to point out that as consequence 
of Theorem 2.3(c) ira linear operator A is ctosable and G(A) is co-closed, then Y is 
dual-separating. 
Corollary 2.2. Assume that X, Y are nonarchimedean Banach spaces and that Y 
is dual-separating. Let A : X --+ Y be a linear operator. Then A is continuous if and 
only if D(A') is total in Y*. 
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Proof. If A is continuous, then D(A') = Y* is total. Conversely, from Theorem 2.3 
we obtain that A is closable which shows that A is closed and the closed graph 
theorem implies that A is continuous. [] 
Corollary 2.3. Let A be a linear closable operator with dense domain. Assume 
that G(A) is co-closed in X x Y, the space Y is reflexive and Y* has the WHBP. 
Then D(A ~) is dense in Y* and A = J~l A~ Jx. 
Proof. From Theorem 2.3 we obtain that D(A') is total and utilizing our remarks in 
Section 1 we have that D(X)  is dense. This implies that A" is a well defined closed 
linear operator. The rest of the proof is straightforward. [] 
Proposition 2.3. Let A be a linear operator with dense domain. Then the following 
statements hold: 
(a) 7~(A) ± = Ker(A') ~ (Y/Tg(A))*. 
(b) 7~(A) ~° = ±(Ker(A')). 
(c) I fY  has the WHBP, then 7-¢(A) = ±(Ker(A')). 
Proof. Statement (a) is proved as usual. To prove (b) we argue as in [10] and (c) is 
immediate from the fact that 7¢(A) ~° = 7-¢(A). [] 
From assertion (a) above it follows that if 7¢(A) is dense, then A' is a monomor- 
phism. 
We cannot interchange the roles of A and A ~ in the preceding proposition because 
D(A ~) is not dense in general. However, with appropriate hypotheses we obtain 
similar properties. We begin with the following result of interest in itself. 
Lemma 2.1. Let A be a closed linear operator with dense domain. Assume that 
G(A) is co-closed in X x Y. Let x E X be an element for which there exists y ~ Y 
such that 
(x, A'y*) = (y, y*), 
for all y* e D(A~). Then x ~ D(A) and Ax = y. In particular, ±~(A')  c D(A). 
Proof. It is straightforward. [] 
Proposition 2.4. Let A be a linear operator with dense domain. Then the following 
statements hold: 
(a) Ker(A) c ±~(A'). 
(b) I f  D(A') is total, then Ker(A) --- ±~(A') O D(A) and ~----~-~o~* c (Ker(A)) ±. 
(c) l fG(A)  is co-closed, then 7-¢(--~ °* = (Ker(A)) ±. 
(d) IfT"C(A') is total, then A is a monomorphism. 
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Proof. Assertions (a) and the first part of(b) are direct consequences of definitions 
and (d) follows from (a). To obtain the second part of (b), from Proposition 4.10 in 
[13], we have that 
7-¢(-~ c°* = (±7~(A')) ± c (±T~(A')N D(A)) ± = (Ker(A)) ±. 
Assertion (c) is consequence of Theorem 2.3, Lemma 2.1, and assertion (b). [] 
When Y is a dual-separating space and A is a bounded linear operator defined 
on X, assertion (c) has been established in [10, Lemma 1.1]. Furthermore, in 
Corollary 2.5 we revisited the equality in (c). 
The following immediate consequence ofProposition 2.4 characterizes the injec- 
tive operators in terms of the ranges of their adjoints (see also [4, Proposition 13]). 
Corollary 2.4. Let A be a linear operator with dense domain. Then the following 
statements hold: 
(a) I f  X is dual-separating and ~(A  r) is dense in X*, then A is a monomorphism; 
(b) Assume that A is a closed injeetive operator satisfying one of the following 
conditions. 
(b-l) G(A) is co-closed. 
(b-2) A E £(X; Y) and Y is dual-separating. 
Then 7~(A ~) is co*-dense in X*. I f  in addition, Jx is surjective and X* has the 
WHBP, then T~(A ~) is dense in X*. 
Next we apply the preceding results to study existence of inverses. 
Proposition 2.5. Let A be a linear operator with dense domain. Assume that ~(  A ) 
is co-closed in Y. I f  A and A ~ have inverses, then (A- l )  ~ = (A~) -1. 
Proof. From Proposition 2.3(b) we infer that 7~(A) is dense in Y, which implies 
that (A-l) ~ is well defined. Proceeding as usual we obtain that 7~(A ~) = D((A-1) ~) 
and that (A-l) ~ = (A~) -1. [] 
For future reference we include the following result whose proof can be found in 
[4, Proposition 13], and [13, Proposition 7.5]. 
Theorem 2.4. Assume that X, Y are nonarchimedean Banach spaces. Let A be a 
closed linear operator with dense domain. Then the following statements hold: 
(a) I f  Jx is an isometry and ~(A')  = X*, then A has a bounded inverse. 
(b) I f~(A)  has the WEP in Y and A has a bounded inverse, then ~(A  ~) = X*. 
(c) IfT~(A) = Y, then A' has a bounded inverse. 
(d) I f~(A)  is dense in Y and A -1 is a bounded linear operator, then 7"¢(A') = X* 
and A ~ has a bounded inverse. 
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As a matter of fact, assertion (a) holds under the weak condition that X be 
topologically pseudoreflexive. The following result is an immediate consequence 
of this theorem. 
Corollary 2.5. Assume that X, Y are nonarchimedean Banach spaces. Let A be a 
closed linear operator with dense domain. I f  T~( A ) is a closed subspace which has 
the WEP in Y, then 7~(A') = (Ker(A)) x. 
Proof. Assume first that Ker(A) = {0}. In this case, the operator A : D(A) --+ TZ(A) 
has inverse A -1 continuous. From Theorem 2.4(b) we obtain that N(A ~) = X* = 
(Ker(A)) ±. If  Ker(A) ~ {0}, we can apply the preceding result to the induced 
operator 7, to obtain 
Tg(A') = 7¢(zr' o X p) = Tg(rr') = (Ker(A)) ±. [] 
Next we study a type of converse statement for Theorem 2.4(c). 
Theorem 2.5. Assume that X is a topologically pseudoreflexive nonarchimedean 
Banach space. Let A be a closed linear operator with dense domain such that ~(  A ~) 
is dense in X* and A ~ has a bounded inverse. Then T~(A) is closed. I f  furthermore, 
~(A)  is og-closed in Y, then 7~(A) = Y. 
Proof. Since A' has a bounded inverse, then ~(A ~) is a closed subspace of X*. 
Hence, it yields that "R.(A I) = X*. Consequently, the operator AI-1 is defined from 
X* into D(A ~) c Y*. This implies that the adjoint (A~-I)~:Y ** --+ X** is also 
bounded and it is easy to see that 
(2.1) (A'- l ) '  J rax  = Jxx, 
for all x c D(A). 
To prove that ~(A) is closed, we take a sequence (Yn)n in ~(A) which converges 
to y. Let Xn c D(A) such that Yn = Axn. Applying (2.1) we conclude that (Xn)n is a 
Cauchy sequence. Let x = limn--,~ Xn. In view of that A is closed we conclude that 
x ~ D(A) and that y = Ax ~ Tg(A). 
If we assume that ~(A) is w-closed, then it follows from Proposition 2.3(a) that 
7~(A) = Y. [] 
The condition that X is topologically pseudoreflexive is verified when Jx is an 
isometry or X has the (*) property. In fact, the first assertion is immediate while 
if X has the (*) property, then Jx is a monomorphism and X has the Orlicz-Pettis 
property [9], from which the assertion follows. 
Combining this result with Corollary 2.4 we can establish the following property. 
Corollary 2.6. Assume that X is a nonarchimedean Banach space, Jx is a 
homeomorphism onto X** and that X* has the WHBP. Let A be an injective 
closed linear operator with dense domain such that G(A) is w-closed and A p has 
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a bounded inverse. Then T~(A) is closed. I f  furthermore, Tg(A) is w-closed, then 
TO(A) = Y. 
Proof. From Corollary 2.4(b) we obtain that 7~(A') is dense. Hence, applying the 
preceding theorem we obtain the assertion. [] 
For the sake of completeness, we observe that from [10, Lemma 1.1], we can 
state slightly different conditions to obtain that ~(A) = Y when the operator A is 
bounded. 
Corollary 2.7. Assume that Jx is a homeomorphism onto X**, the space X* has 
the WHBP,, and Y is dual-separating. Let A ~ £(X; Y) such that A ~ has a bounded 
inverse. Then ~(A)  is closed. I f  in addition, ~(A)  is co-closed, then ~(A)  = Y. 
Proceeding as in [10], we can also obtain this type of result when the space Y is 
strongly polar. 
Theorem 2.6. Assume that X, Y are nonarchimedean Banach spaces, Y is strongly 
polar, and K has dense valuation. Let A be a closed linear operator with dense 
domain such that 7~(A') is closed in X*. Then ~(A) = XKer(A'). 
Proof. We can argue as in [10, Theorem 2.2]. As a matter of fact, the proof carried 
out in that paper is based on the argument utilized by Ellis in [2, Theorem 15], 
which, in turn, only depends on the properties of the space Y. [] 
The following consequence is immediate. 
Corollary 2.8. Assume that X, Y are nonarchimedean Banach spaces, Y is 
strongly polar and K has dense valuation. Let A be a closed linear operator with 
dense domain such that A ~ has a bounded inverse. Then ~(A)  = Y. 
Furthermore, the argument utilized in [10, Theorem 3.1] is applicable to closed 
operators so that we can establish the following property. 
Corollary 2.9. Assume that X, Y are nonarchimedean Banach spaces and that K 
has dense valuation. Let A be a closed linear operator with dense domain such that 
~(A)  is of countable type and has the WEP in Y, and 7~(A') is closed in X*. Then 
7~(A) is closed in Y. If, in addition, Y is dual-separating, then 7~(A) = ±Ker(Ar). 
We apply the previous results to establish a nonarchimedean version of a well- 
known result in the classic case [3]. 
Theorem 2.7. Assume that X, Y are nonarchimedean Banach spaces. Let A be a 
closed linear operator with dense domain. Consider the following assertions: 
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(a) A ~ is continuous. 
(b) A is continuous with D(A) = X. 
(c) D(A) is closed. 
Then (b) 4=~ (c) and (b) =~ (a). Furthermore, the assertion (a) =~ (c) holds in the 
following cases: 
(i) The space Y is topologically pseudoreflexive, D(A ~) is dense in Y* and 7~(A) 
has the WEP in Y; or 
(ii) X is strongly polar and K has dense valuation. 
Proof. The statements (b) ¢~ (c) and (b) ~ (a) are immediate. To prove (a) ~ (c) in 
case (i) we proceed as in [3, Corollary II.4.1]. We define I11 = E(A) and the operator 
A1 as the operator A with values in Y1. It is clear that Y1 is also topologically 
pseudoreflexive. Since A ~ is continuous and closed, it follows that D(A ~) is closed 
and, therefore, D(A') = Y*. In view of the fact that 7~(A) has the WEP, we obtain 
that D(A]) -- Y{ and A] is continuous. We assume initially that A is injective and 
let B = A~ -1 . Then A t = B '-1 and R.(B ~) = D(X1). Consequently, the operator B 
satisfies all the conditions of Theorem 2.5. From this we obtain that ~(B) -- D(A) 
is closed. In the general case, by the Remark 2.1 (ix) we can apply this result o the 
operator X to conclude that D(A) is closed. This implies that D(A) = X/Ker(A) 
from which it follows that D(A) = X. 
In the case (ii), utilizing the fact that X/Ker(A) is strongly polar [12], we argue 
as above but using Corollary 2.8 instead of Theorem 2.5. [] 
3. OPERATORS WITH CLOSED RANGE 
This section is essentially dedicated to establishing the p-adic version of the 
closed range theorem for closed operators. We keep the notations established 
in the previous ections. Throughout this section, we will assume that X, Y are 
nonarchimedean Banach spaces and that K has dense valuation. 
The version of the closed range theorem for bounded linear operators between 
nonarchimedean spaces has been treated by several authors. We mention [14], and 
the references mentioned therein, and the recent paper [10]. Specifically, in the next 
theorem we show that the result established in [10] for linear bounded operators 
remains valid for closed operators. 
Theorem 3.1. Let A : D( A ) c_ X ~ Y be a closed linear operator with D( A ) dense 
in X. Consider the following properties: 
(a) 7~(A) is closed. 
(b) R(A) is weakly closed. 
(c) R(A') is closed. 
(d) ~(A') is weakly* closed. 
Then the following assertions hold: 
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(i) (b) ~ (a) and (d) ~ (c). 
(ii) I f  To(a) has the WEP in Y, then (a) ~ (d). 
(iii) I fY  has the WHBP then (a) =~ (b). 
(iv) I f  one of the following conditions is satisfied: 
(iv-l) The space Y is strongly polar; 
(iv-2) The space Y is dual-separating and TO(A) is a space of countable type 
with the WEP in Y, 
then (c) =~ (b). 
Proof. The assertions (b) ~ (a) and (d) ~ (c) are immediate. Assertion (ii) 
follows from Corollary 2.5, since TC(A') = (Ker(A)) ±. Assertion (iii) follows from 
Proposition 2.3(c), since 7-¢(A) = ±(Ker(A')). Finally, assertion (iv) is established 
with the same argument but using Theorem 2.6 and Corollary 2.9 instead of 
Proposition 2.3(c). [] 
As immediate consequence, we present an extension of a result in [5]. 
Theorem 3.2. Assume that X has the Orlicz-Pettis property. Let A : D(A) cc_ X 
Y be a closed linear operator with dense domain such that TO(A) has the WEP in Y. 
Then TC(A t) is not a proper dense subspace of X*. 
Proof. Suppose that 7-¢(A') = X*. Since X is dual-separating, we deduce from 
Proposition 2.4(a) that Ker(A) = {0}. In addition, the operator A -1 is bounded. 
In fact, if A -1 is not bounded, then there exists a bounded sequence (xn)n in D(A) 
such that inf~ IlXn II > 0 and Axn -+ O, as n --+ cx~. For x* ~ 7-¢(A'), x* = A~y * we 
obtain 
(Xn , A Iy *) = ( Axn, y *) --+ 0, n -+ ~x). 
If x* E X*, using that (xn)n is bounded and that 7~(A') is dense we also obtain 
that (xn, x*) ~ 0, n ~ ~.  From the Orlicz-Pettis property we obtain that xn --+ 0 
as n ~ ~,  which is absurd. Thus the operator A -1 is continuous and 7¢(A) is 
closed. From Theorem 3.1 we infer that 7¢(A') is also closed, which completes the 
proof. [] 
4. STATE DIAGRAM FOR CLOSED OPERATORS 
In this section we apply the properties established in the previous ections to con- 
struct he state diagram for closed linear operators defined between onarchimedean 
Banach spaces. Consequently, we assume that X, Y are nonarchimedean Banach 
spaces and that K has dense valuation. We begin by regarding the terminology 
of states of an operator (see [3]). Let A : D(A) c_ X -+ Y be a linear operator. To 
indicate properties of 7~(A) we abbreviate 
I: TO(A) = Y. 
H: 7-¢(A) is dense in Y and ~(A) ~ Y. 
III: 7¢(A) is not dense in Y. 
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A r 
~II3 0 0 0 0 
(112 0 0 0 0 
~IIa 0 0 0 
I13 0 0 0 0 
II2 0 0 0 0 
Ha 0 0 0 0 
13 0 0 0 0 
12 0 0 0 0 
11 0 Xds 0 
11 12 13 HI 
A > 
0 0 
Ysp Y~p 
0 0 
(Q) Xds 
0 0 
0 0 
0 0 
Xtsr, Ysp Xds, Ysp 
112 [I3 
Diagram 1. State diagram for closed linear operators. 
Yw 
Yw 
Yw 
Yw 
Yw 
0 
0 
Yw 
III1 
Yw Yw 
Yw Yw 
(Q) Xds 
Yw Yw, Xds 
0 0 
Xtsr Xds 
0 0 
Xtsr, Yw Xds, YW 
I112 II13 
To indicate properties of Ker(A) we abbreviate: 
1: A -a exists and is continuous. 
2: A -a exists and is not continuous. 
3: A has no inverse. 
The possible relationships between A and A' are established in Diagram 1. 
In this diagram we utilize the following notations: 
0: The state cannot occur. 
Xds: The state cannot occur when X is dual-separating. 
Xtsr: The state cannot occur when X is topologically pseudoreflexive. 
Xw: The state cannot occur when X has the WHBE 
Yw: The state cannot occur when Y has the WHBE 
Ysp: The state cannot occur when Y is strongly polar. 
(Q): The state cannot occur when X has the Orlicz-Pettis property and Y has the 
WHBE 
It is worth to point out that under weak forms of the Hahn-Banach property 
(abbreviated the (Q) property), the states ([[2, II2) and (III2, II3) are not possible, 
which is different from the classic case [3]. In fact, i f  X has the WHBP, then X has 
the Orlicz-Pettis property [9]. 
Next we mention the main arguments o establish the previous diagram. 
Remark 4.1. 
(1) If 7~(A I) is dense in X* and X is dual-separating, then it follows from Propo- 
sition 2.4(a) that Ker(A) = {0}. Consequently, under the previous conditions, 
if A' E I U II, then A ¢ 3. 
(2) If 7~(A) is dense in Y, it follows from Proposition 2.3(a) that Ker(A') = {0}. 
Hence, if A E I U//, then A ~ ~ 3. 
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(3) If ~(A') = X* and X is topologically pseudoreflexive, then it follows from 
Theorem 2.4(a) that A -1 is bounded. Hence, under the previous conditions, if
A16I,  thenA ~2U3. 
(4) If ~(A) = Y, then it follows from Theorem 2.4(c) that A '-1 is bounded. 
Hence, if A ~ I, then A' ¢ 2 U 3. 
(5) IfT~(A) is dense in Y and A -1 is bounded, then it follows from Theorem 2.4(d) 
that A r-1 is bounded on X*. Hence, i fA 6 I1 U// l ,  then A ~ 6 11. 
(6) If ~(A) is not dense in Y and Y has the WHBP, then it follows from 
Proposition 2.3(c) that Ker(A' )~ {0}. Consequently, under the previous 
conditions, if A ~ III1, then A I ~ 1 U 2. 
(7) If 7~(A') is closed in X* and Y is strongly polar, then it follows from 
Theorem 3.1 that ~(A) is closed. Thus under the previous conditions, we 
have that if A ~ 6/1, then A ¢ H. 
(8) I fA -1 is bounded and Y has the WHBP, then it follows from Theorem 2.4(b) 
that 7~(A') = X*. Consequently, under the previous conditions, if A 6 1, then 
A~I .  
(9) If A I has bounded inverse and Y is strongly polar, then it follows from 
Corollary 2.8 that ~(A) = Y. Thus under the previous conditions, if A ~ ~ 1, 
then A ~// .  
(10) If X has the Orlicz-Pettis property and Y has the WHBP, then it follows from 
Theorem 3.2 that ~(A') is not a proper dense subspace. Consequently, under 
the previous conditions, Ar ~ H. 
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